In this report, we summarize our effort in developing mesoscale phase field (PF) models for predicting precipitation kinetics in alloys during thermal aging and/or under irradiation in nuclear reactors. The first part focuses on developing a method to predict the thermodynamic properties of critical nuclei, such as the sizes and concentration profiles of critical nuclei, and the nucleation barrier. These properties are crucial for quantitative simulations of precipitate evolution kinetics with PF models. An iron-chromium (Fe-Cr) alloy is chosen as a model alloy because it has valid thermodynamic and kinetic data and is an important structural material in nuclear reactors. A constrained shrinking dimer dynamics method is developed to search for the energy minimum path during nucleation. With the method, we are able to predict the concentration profiles of the critical nuclei of Cr-rich precipitates and nucleation energy barriers. Simulations show that Cr concentration distribution in the critical nucleus strongly depends on the overall Cr concentration and temperature. The Cr concentration inside the critical nucleus is much smaller than the equilibrium concentration calculated by the equilibrium phase diagram. This implies that a non-classical nucleation theory should be used to deal with the nucleation of Cr precipitates in Fe-Cr alloys. The growth kinetics of both classical and non-classical nuclei is investigated using the PF approach. A number of interesting phenomena are observed from the simulations: 1) a critical classical nucleus first shrinks toward its non-classical nucleus, then grows; 2) a non-classical nucleus has much slower growth kinetics at its earlier growth stage compared to the diffusion-controlled growth kinetics; 3) a critical classical nucleus grows faster at the earlier growth stage than the non-classical nucleus. All of these results demonstrate that it is critical to introduce the correct critical nuclei into PF modeling to correctly capture the kinetics of precipitation.
TABLES
show that the concentration inside small chromium (Cr) precipitates in iron-chromium (Fe-Cr) alloys is smaller than the equilibrium concentration, and it increases with precipitate growth. This implies that the nucleation of Cr precipitates is non-classical. In this report, one objective is to develop a method to predict the thermodynamic properties of non-classical critical nuclei, including concentration profiles inside the critical nuclei and nucleation energy barrier. These thermodynamic properties are input parameters for introducing nuclei into PF simulation cells.
MARMOT is a PF-method-based multiphysics simulation tool at the mesoscale. It is implemented using the Multiphysics Object-oriented Simulation Environment (MOOSE) framework, a massively parallel, finite element-based system to solve large systems of equations using the Jacobian-free Newton Krylov (JFNK) method. 4 The main governing equations for PF modeling are Cahn-Hilliard equations (the fourth-order partial differential equations (PDE)) and
Allen-Cahn equations (the second-order PDEs) 5 . Fe-Cr alloys. The growth kinetics of Cr nuclei with predicted concentration profiles inside the critical nucleus are examined using the PF approach. In the second section, both the WBM and KKS models are used to describe the precipitation kinetics of fcc Cu precipitates in a bcc Fe-Cu matrix and are implemented into MARMOT. Finally, we offer our concluding remarks.
Non-classical critical nuclei and their growth kinetics of Cr precipitation in Fe-Cr alloys
In fusion and advanced fission reactor components, high-chromium ferritic/martensitic steels are the preferred candidates for structural materials. 9 The addition of Cr has a positive effect on mechanical, corrosion, and radiation resistance properties. However, it is well known that Fe-Cr alloys undergo thermal-and irradiation-induced phase separation from the solid solution into FeHomogeneous Nucleation Scheme Sept 2013 3 rich and Cr-rich phases in the temperature range spanning 300°C~550°C. 10, 11 The phase separation causes material property degradation, such as embrittlement and stress corrosion cracking. 10, 12 In predicting microstructure evolution and material property degradation, a fundamental understanding of the thermodynamics, mechanisms, and kinetics of phase separation is of significant technological importance.
Phase separation in Fe-Cr solid solutions happens via two different mechanisms: 1) spinodal decomposition and 2) Cr-rich phase nucleation and growth. Cr concentration and aging temperature dictate which mechanism operates. Spinodal decomposition can be naturally simulated using atomistic and field theoretical methods by introducing any fluctuations of temperature, composition, and/or order parameters. However, modeling nucleation generally is considered one of the most challenging issues. For example, the PF approach is a powerful simulation tool to predict microstructure evolution during phase separation.
5
Although the PF approach accounts for energy changes during nucleation, such as a bulk free energy decrease that is proportional to the nucleus volume, an interfacial energy increase that is proportional to the interfacial area, or long-range interaction energies (e.g., elastic energy), it is unable to simulate the nucleation process because the PF approach assumes that microstructure evolution is driven by the energy minimization while nucleation needs to overcome an energy barrier. Therefore, to simulate the phase separation, PF simulations must introduce critical nuclei into the simulation cells. According to classical nucleation theory, the thermodynamic and kinetic information, including the critical nucleus radius, nucleation barrier, and nucleation rate, can be calculated once the chemical free energy, interfacial energy, and long-range interaction energy are known.
However, experiments In Fe-Cr alloys, Cr precipitates are Cr-rich phases with the same structure of the matrix phase (i.e., bcc Fe-Cr solid solution). Therefore, the precipitate microstructure in bcc Fe-Cr alloys can be uniquely described by Cr concentration. In a PF approach framework, the concentration of Cr,
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C Cr (r,t), is employed as the PF variable, where r=(r 1 , r 2 , r 3 ) is the spatial coordinate and t is time.
Compared with Cr solubility in Fe-Cr alloys, thermal equilibrium vacancy concentration is very small and, thus, ignored in the present model. So, the concentration of Fe is 1-C Cr . Due to the low lattice mismatch, the elastic energy contribution in the Fe-Cr system is negligible and omitted in this study. Therefore, the total free energy of the binary system can be expressed as:
where
is the gradient operator and V is the volume of the considered Because the concentration C Cr is a conserved field variable, its temporal evolution is described by the Cahn-Hillard equation:
where M is the mobility of C Cr and related to Cr atom diffusivity, D, as , and
l is a characteristic length. Therefore, Eq. (2) is rewritten as:
Equation (3) will be solved numerically using the semi-implicit Fourier-spectral method 13 under periodic boundary conditions. 
Chemical free energy
To predict Cr precipitate formation and growth or solve the evolution equation (3), the free energy density ) , ( T C f Cr is needed. As a result of many people's valuable efforts, an analytical free energy density now is available for the Fe-Cr system: 14, 15  
eV/K is the Boltzmann constant, and
is the concentration of Fe. Table I lists the corresponding coefficients. At the given temperatures, the free energies are plotted in Figure 1 . 
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Interfacial energy
In the PF model described in Eqs. (1) and (2) 
where the ½ factor outside the integral is due to the fact that there are two interfaces in the 1-D from Sadigh and Erhart. 16 It is evident that the interfacial energy from this work is slightly larger than that from the previous works. This can be adjusted by taking a smaller l 0 . Figure 
Constrained Shrinking Dimer Dynamics
In recent years, high-performance numerical methods have been proposed to find the critical nucleus 17, 18 and have been applied to nucleation in solid-state phase transformation. 8, 19 In particular, shrinking dimer dynamics (SDD) 20 and its extension on a constrained manifold, or CSDD, 21 have been used successfully to efficiently compute the saddle point associated with an energy functional. Here, we apply the CSDD to predict the critical nuclei of Cr precipitates in Fe-Cr alloys based on the free energy and interfacial energy provided in the previous section.
The constraint of the current model is from the mass conservation, i.e.,
To construct the dimer system, we let   
. The dimer orientation is given by a unit vector v so
. The rotation center of a dimer is defined as
, where the parameter
. Thus, the geometric center (midpoint of the dimer) corresponds to
To enforce the constraint, CSDD uses the projected natural force, which is the negative gradient force projected on the tangential hyperplane of the constraint, i.e.,
Following the SDD, the formulation of the CSDD is given by: , which provides an exponential decay of the dimer length.
The initial condition of the CSDD must satisfy the following compatibility assumption: (14) which performs a normalization on v at each iteration for the dimer rotation step so the scheme improves the local stability and optimal error reduction rate. To further improve the Euler method's stability and afford a larger time step in the algorithm, we employ a semi-implicit splitting scheme for the CSDD, where the principal linear operator is treated implicitly to reduce the associated stability constraint while the nonlinear terms still are treated explicitly to avoid the expensive process of solving nonlinear equations at each time step. To achieve exponential convergence in space, the Fourier-spectral method is used for spatial discretization. In our calculations,  1 = 2 = 3 =1 and
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Non-classical critical nuclei and nucleation barriers of Cr precipitates in Fe-
Cr alloys
Here, we assume that interfacial energy is isotropic. Thus, the critical nucleus will be a sphere in a real three-dimensional ( We can see that the concentrations inside the nuclei are much smaller than the equilibrium concentration of Cr-precipitates (i.e., Experiments from atom probe observations 3 also demonstrate that the Cr-concentration in the nuclei does not have to be its bulk equilibrium values. Therefore, the critical nucleus of Cr precipitate is non-classical. Although it is difficult to define the critical size of a nucleus, we can clearly see that Cr content inside the nuclei increases with a decrease of the Cr overall concentration and an increase in temperature. To validate that the concentration profiles predicted from the CSDD are critical profiles, we numerically examine the evolution of the nucleus. Figure 4 (a) displays the profiles of the critical nuclei for c 0 =0.16 at T=500 K and T=501 K, respectively. The nucleus at T=501 K is slightly larger than the one at T=500 K. However, the difference between them is barely identified in the It is known that the critical nucleus is associated with the concentration fluctuation that has the minimum free energy increase among all fluctuations, leading to growth. In the following, we calculate the energy excess, the energy difference between the system with a critical nucleus, and the original supersaturated system with uniform concentration:
Actually, E excess is the nucleation energy barrier. 
Growth kinetics of classical and non-classical nuclei
In classical nucleation theory, the concentration inside the critical nucleus is assumed to be The evolution kinetics of classical and non-classical nuclei is compared. Figure 7 classical nuclei in Figure 6 (a), we easily find that the difference in their growth kinetics attributes: 1) the classical critical nucleus requires more Cr than the non-classical one, and 2) when the classical nucleus shrinks to the critical state, the extra Cr causes a higher supersaturation around the nucleus compared to the non-classical one. If we compare the similarity of the two curves in Figure 7 (b), we find that non-classical nucleus growth has a certain time delay. In classical nucleation theory, the diffusion-controlled growth of a spatial particle can be described by
, where R is the radius of the particle, D is the diffusivity, t is time, and l is a dimensionless growth parameter that depends on the supersaturation, as well as the particle size. 22 It is clear that non-classical nucleus growth does not follow the growth kinetics of classical diffusion-controlled growth. The non-classical nucleus has a very long waiting time, which cannot be ignored when compared with the whole particle growth process. During this waiting time, the system almost does not evolve. 
Implementation of the phase field model in MARMOT
Phase field modeling
In Fe-Cr alloys, the precipitates and matrix phases have the same bcc structure. One concentration can uniquely describe the precipitation. However, in most alloys, the precipitate phase has a different concentration and crystal structure. For example, Cu precipitates in Fe-Cu alloys have an fcc crystal structure, while the matrix phase, i.e., the Fe-Cu solid solution, has a bcc structure at low temperatures. In thermodynamic calculations such as CALPHAD, two free energy functions are needed to describe the free energies of the bcc matrix phase and the fcc precipitate phase. To describe the precipitation in such alloys, the PF model usually requires two field variables. One is the concentration, and the other is an order parameter that describes the different crystal structures. The total system free energy is described in a function of the concentration and order parameter. The WBM 23 and KKS models 24 are commonly used to describe the total free energy of the system.
Homogeneous Nucleation Scheme Sept 2013 19
The WBM and KKS models have yet to be implemented into MARMOT. In this section, we present the two models and implement them into MARMOT. The Fe-Cu alloys-important structure materials in nuclear reactors-are used as model alloys to present and test the models.
PF variables c(r,t) and ϕ(r,t) are used to describe the concentration of Cu and the crystal structure, respectively. The total energy of the system is written as:
where r is the spatial coordinate, t is time, and V is the system volume.  c and  ϕ are the gradient energy coefficients. f(c, ϕ) defines the local free energy density. The evolution of the variables is described using:
Equations (17) and (18) are the Cahn-Hilliard and Allen-Cahn equations, respectively. The local free energy f(c, ϕ) in both the WBM and KKS models is expressed as:
when L and   are constants. The corresponding kernels are:
In the preceding equations,  and  also are test functions.
, and
are all the weak form of Neumann boundary conditions. So these boundary integrals do not appear when we consider periodic boundary conditions.
To implement the WBM and KKS models into MARMOT, the two kernels of and f 2 ) and their first derivatives of α-phase and -phase at different temperatures are plotted in Figure 9 and Figure 10 , respectively, which are calculated with the Gibbs energy function provided in Refs. (7, 26) . In the figures, R is the gas constant, and T is temperature. The equilibrium concentrations of Cu at the α-phase solid solution and -phase Cu precipitates (i.e., the -phase) can be obtained by determining their common tangent (listed in Table IV ). 27 7.09e-6
7.09e-6
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Results and discussion
To examine both the WBM and KKS models, we simulate the growth kinetics of fcc Cu precipitate (i.e., the -phase) in 1-D and two-dimensional (2-D) cases. Table V lists the parameters used. Figure 11 and Figure 12 Because the two models use the same thermodynamic and kinetic properties, including the free energies and interfacial energies, the small difference in the growth kinetics should be from the different assumptions of the two models at the interface. In the simulations, we determine that the KKS model can use a larger time step (t * ) than the WBM model. Furthermore, the time step in the KKS model is almost temperature independent, while the time step decreases with a temperature decrease. Therefore, the KKS model has much better computational efficiency than the WBM model. Regarding the effect of Cu concentration on growth kinetics, the precipitate grows faster in a system with higher Cu concentration than one with lower Cu concentration, as expected. We also compare the growth kinetics of fcc Cu precipitate in a 2-D case, and Figure 13 showcases the results. These results support the same conclusions: the WBM and KKS models produce the same results, and the KKS model has higher numerical efficiency than the WBM model. At the time when this report is written, the implementation in MARMOT codes can successfully compile. Since the thermodynamic models directly obtained from CALPHAD involve heavy natural log functions, we are still testing the MARMOT code in terms of numerical convergence and accuracy in the solution process. We are also considering using the tabulated chemical potentials to avoid the calculation of natural log, which can greatly improve the numerical stability and efficiency from our numerical results of FFT codes.
Conclusion
In this report, we summarize our effort in 1) developing a method to predict the thermodynamic properties of critical nuclei and 2) implementing the WBM and KKS models, which simultaneously solve the concentration and order parameter fields, into MARMOT. For given thermodynamic properties of the system, we are able to obtain the thermodynamic properties of classical and non-classical critical nuclei, i.e., the concentration profile of a critical nucleus and nucleation barrier. With this information, the nucleation rate can be calculated, and the nucleation process can be introduced into PF modeling. As noted, we also implement the WBM and KKS models into MARMOT, allowing for simulations of more complicated phase transitions that involve diffusion and structural changes. The simulations with FFT codes demonstrate that the KKS model is efficient in both length and time scales, enabling increases to the physical domain and time. The testing of MARMOT codes and the implementation of the nucleation process into MARMOT codes are ongoing.
